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Optimal Midcourse Guidance for Medium-Range
Air-to-Air Missiles
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and
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An advanced midcourse guidance law for medium-range air-to-air missiles is proposed. The law consists of
two different guidance modes: the final velocity maximum or the final time minimum, depending on the initial
missile-target geometry. The former is preferable against a highly maneuverable target at a great distance,
whereas the latter is demanded against a near target. This midcourse guidance law is combined with augmented
proportional navigation in the homing phase. Performance is evaluated by computer simulations against con-
ventional and advanced targets. The results show that the proposed guidance law is far superior to the guidance
law that employs only augmented proportional navigation throughout the interception course, in regard to ex-
tending the launch boundaries or minimizing the interception time.
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Nomenclature
= drag and lift coefficients, respectively
= zero-lift drag coefficient
= dCL/da
= drag
= acceleration of gravity
= missile and target altitudes, respectively
= induced drag coefficient
= penalty coefficients of performance index
= lift
= Mach number
= mass
= slant range between missile and target
= reference area
= thrust
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- time
- interception time
= time-to-go
= velocity

xt = missile and target horizontal coordinates
, a0 = angle of attack and zero-lift angle

= missile flight-path angle
= air density
- performance index function
= stopping condition
= time derivative( )

Subscripts
i, f = initial and terminal values, respectively
max, min = maximum and minimum values, respectively

Fumiaki Imado was born in Japan in 1945. He received his B.S., M.S., and Ph.D. degrees in aeronautical en-
gineering, all from the University of Tokyo, in 1968, 1970, and 1974, respectively. Since 1973 he has been en-
gaged in research at the Central Research Laboratory of Mitsubishi Electric Corporation, where he is Chief En-
gineer of the Advanced Mechanics Department. His main research included the attitude and navigation control
of satellites, the automatic control system of powered prosthesis, and computer aided engineering. His current
main interests are the guidance and navigation control system of tactical missiles and space vehicles. He is a
member of AIAA.

Takeshi Kuroda was born in Hyogo, Japan, in 1958. He received B.S. and M.S. degrees in aeronautical engi-
neering from the University of Tokyo in 1982 and 1984, respectively. Since 1984 he has worked as an engineer in
the Central Research Laboratory of Mitsubishi Electric Corporation in Hyogo, Japan. His current research is
centered on application of the estimation theory and the differential game theory to control systems.

Susumu Miwa received B.S. and Doctor's degrees in electrical engineering from Tokyo University in 1953 and
1986, respectively. After graduation in 1953 he worked for Mitsubishi Electric Corporation on missile guidance
and control and fire control, and also on the advanced communication systems. Since 1987 he has been a pro-
fessor in the Electrical Communication Department of Tokyo Denki University and is working on high-
frequency application systems.

Received Aug. 5, 1988; presented as Paper 88-4063 at the AIAA Guidance, Navigation and Control Conference, Minneapolis, MN, Aug. 15-17,
1988; revision received May 15, 1989. Copyright © 1988 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved.



604 IMADO, KURODA, AND MIWA J. GUIDANCE

Introduction

THE recent development of high-speed microprocessors
has made it possible to apply optimal control theory to

actual missile guidance systems, and many studies have ap-
peared in this field. But only a few of them seem to have ap-
plied the concepts to midcourse guidance.1'2 The purpose of
this paper is to propose an optimal midcourse guidance law
that employs different guidance modes depending on the re-
quired missile velocity and navigation time.

The main purpose of midcourse guidance is to navigate a
missile so that it may operate in optimal conditions in regard
to missile g performance and relative geometry against a target
when seeker lock-on is achieved (the initial point of the hom-
ing phase). For the missile to achieve the necessary g perfor-
mance, a certain minimum velocity is required, which differs
corresponding to the target g performance, distance, and alti-
tude. Against a target at a far distance or at a low altitude,
missile velocity is a prime factor; therefore, the midcourse
guidance law that maximizes the residual velocity is prefer-
able. On the other hand, against a near target, the time margin
is most important because the missile must destroy the target
before it has a chance to attack its destination; therefore, the
midcourse guidance law that minimizes the interception time is
preferable. These guidance laws are obtained by solving
nonlinear two-point boundary-value problems. A straightfor-
ward implementation of the law by an onboard computer is
too complex, but once the necessary number of solutions is
obtained by an off-line computer for several conditions and
the obtained control is tabulated, then a real-time onboard im-
plementation is possible by the interpolation of the nominal
controls. The real-time correction is possible by solving the
Riccati equation for the perturbed system. For example, the
same technique introduced in Ref. 3 can be employed for this
purpose.

In this paper, the mathematical model of a conceptual
medium-range air-to-air missile is shown first. Second, the
homing guidance laws are described. Third, the midcourse
guidance laws are presented. After the required missile resid-
ual velocity is analyzed against a conventional and an ad-
vanced target, four types of midcourse guidance laws are ex-
plained, with their merits and demerits. Finally, various
simulation results are shown using these guidance laws. The
mixed strategy of the midcourse guidance laws, combined with
augmented proportional navigation guidance (APNG)4'5 in
the homing phase, is compared with the other guidance law,
which employs APNG throughout the interception course.
The results are evaluated in relation to the interception time,
the final missile velocity, and the launch boundaries.

Mathematical Model
Figure 1 shows missile force balance, as well as the symbols

employed in this paper. For simplicity, motions are con-
strained within a vertical plane. The missile is modeled as a
point mass, and the equations of motion are

7 = (L + T sma)/(mv) —g/v cosy

x = v COS7

h • = v siny

where

L =1/2 pv2s CL, CL = CLa (a-

D = 1/2 Pv2s CD9 CD = C

(2)

(3)

(4)

(5)

(6)

The aerodynamic derivative coefficients CLa, Cm, and k are
given as functions of Mach number M, which is a function of
v and h,6 and the air density p is a function of h.

= p(h),

The missile mass and thrust are given as functions of time t,
as shown in Fig. 2,

M=M(v,h) (7)

K=K(M) (8)

T=T(t) (9)

Homing Guidance
Before going into midcourse guidance, let us discuss the

homing guidance law in the final course. Despite many discus-
sions on the applicability of a linear optimal homing guidance
law, it still is rather complex for real-time onboard implemen-
tation, whereas APNG seems to be promising for near-future
application. As PNG is derived as a kind of optimal control
against a nonmaneuvering target,7 APNG4 can be derived as a
special case of optimal control against a maneuvering target.5
The missile lateral acceleration command ac of these guidance
laws is given by8

PNG:

APNG:

ac=Nevca

ac=Ne(vca + l/2at)

(10)

(H)

v = (Tcosa —D)/m—g siny 0)

where Ne is the effective navigation ratio, vc the closing velo-
city, at the lateral acceleration of the target, and <r the line-of-
sight turning rate given by

vc=-f (12)

o = (l/r2)l(ht-hm)(xt-xm)-(ht-hm)(xt-xm)] (13)

where r is the slant range

hm)2]"2 (14)
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Fig. 1 Missile force balance and symbols.
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Fig. 2 Time histories of the missile mass and thrust.
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Fig. 3 Miss distance by a PNG and an APNG missile (v0 = 600 m/s,
h = 3 km, lock-on range = 5 km).
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Fig. 4 The available lateral g of the aircraft.

We see in Eq. (11) that APNG requires estimating the target
lateral acceleration (usually by a Kalman filter). Once this esti-
mation is obtained, the application to a current PNG missile is
straightforward. Figure 3 shows a simulation example of the
miss distance by a PNG and an APNG missile. The abscissa is
the time-to-go when the target (a conventional aircraft, as will
be explained in the next section) initiates the sustained maxi-
mum g turn. The initial relative range is 5 km; the initial mis-
sile and aircraft velocities are 600 m/s and 300 m/s, respective-
ly; and the altitudes are both 3 km. In the PNG missile, the
miss distance becomes large when an aircraft initiates a sus-
tained maximum g turn (SMGT) 1 or 2 s before interception.
The same tendency appears in the APNG missile, but the miss
distance becomes fairly small. The reason is naturally thought
to be the predicting term of the target acceleration in Eq. (11).
This APNG in the homing phase is combined with the optimal
midcourse guidance law in the following section and the per-
formance is discussed.

Midcourse Guidance
A conventional aircraft (hereafter called aircraft A) and an

advanced aircraft (aircraft B) are employed as target models
that are different in maximum lateral g performance. Figure 4
shows the available lateral g of the assumed aircraft. Aircraft
A has a performance of 7 g at sea level, whereas aircraft B has
a performance of more than 9 g at an altitude of less than 3
km. The maximum g is limited to 9 g, considering pilot
endurance.

To reduce the miss distance to less than, e.g., 10 m, a certain
amount of residual velocity is required for a missile when the
seeker lock-on is achieved. Study was conducted to calculate
this velocity against a target that maneuvers with the lateral
acceleration shown in Fig. 4 for various missile-target geome-
tries. The results are summarized in Figs. 5 and 6. The ab-
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Fig. 5 Required missile velocity in relation to lock-on range and alti-
tude (against aircraft A).
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Fig. 6 Required missile velocity in relation to lock-on range and alti-
tude (against aircraft B).

scissa shows the lock-on range when the missile starts the hom-
ing guidance, where the missile and the target are supposed to
be at the same altitude. Generally, the missile must have a
larger residual velocity against a target at a greater initial
range or at a lower altitude.

Our previous study9 showed that a downward maneuver,
which makes the best use of gravity, is more advantageous
than a horizontal or upward one. But the aircraft may not
have enough time to pull up at low altitudes. Therefore, we
assume here that the aircraft takes a horizontal SMGT at alti-
tudes of less than 10 km, and a more advantageous downward
SMGT (split-S) at altitudes of more than 10 km, where the air-
craft can easily pull up again.

Figure 7 is another expression of Figs. 5 and 6, where the re-
quired missile minimum velocity vs altitude is shown against
two aircraft types at the initial range of 5 km. Looking at the
velocity at an altitude of 5 km, a missile needs 590 m/s vr
when the seeker lock-on is achieved against aircraft A,
whereas 790 m/s vr is required against aircraft B.

This minimum velocity affords just enough dynamic pres-
sure to produce the necessary g for the missile. Figure 8 shows
the relations between the required g performance of the
employed missile at the angle of attack a = 10 deg and altitude
against two aircraft types.

Let us suppose that the interception point is predicted by the
ground support system; then the missile can be navigated by
the guidance laws that maximize the missile terminal velocity
or minimize interception time. Mathematically, the optimal
midcourse guidance laws are obtained by maximizing the fol-
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lowing performance index <£, in relation to the missile angle of
attack a(0, under the equations of missile motion (1-9)

(15)

where the terminal time tf is determined from the next stop-
ping condition,

(16)

where /y is the seeker lock-on range. By changing the kl and k2
values in Eq. (15), we have the following two types of optimal
control problems.

Final velocity maximum (vf maximum):

*!=(), k2 = \

Final time minimum (tf minimum):

*! = !, A:2 = 0

(17)

(18)

The problems are solved by the steepest ascent method.10

As for maximizing the final velocity, we found at least two
types of optimal controls that produce local extremals. The
first is the type in which the missile ascends sharply at first and
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Fig. 7 Required missile minimum velocity vs altitude (lock-on
range = 5 km).
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Fig. 8 Necessary missile g performance in relation to altitude (lock-
on range = 5 km).

then descends. The law usually produces the largest terminal
velocity against a target at a far distance, but is time-
consuming. Let us call this type I. The second is the type in
which the missile ascends gradually and then falls down. This
law also locally maximizes the missile terminal velocity, but
less than with type I, and the navigation time is shorter. Let us
call this type II. The optimal guidance law that minimizes the
terminal time tf is named type III. Although these optimal
controls have their own merits, they are not suitable for hom-
ing guidance because the calculations of the missile control are
time-consuming, even with the current high-speed digital com-
puters. Therefore, we employ type I-type III guidance laws
only in midcourse guidance: from the launch point through a
near interception point where the missile seeker can lock onto
the target. Following this, APNG is employed in the homing
guidance. In comparison with the optimal guidance laws just
cited, we will consider one that navigates the missile with the
APNG throughout the interception course. We call this law
type IV.

Now, the following four types of guidance laws are sum-
marized.

Type I: Maximizing missile terminal velocity, sharp ascent
and descent.

typel

lockon line

Fig. 9 The conceptual interception courses of the missiles under type
I-IV guidance laws.
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Fig. 10 The trajectories and control histories of the missile under
type I-IV guidance laws (launch altitude = 6 km, xy = 24 km, fy=10
km).
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Fig. 11 The final Velocity vf and the navigation time tf in relation to
horizontal range xf and final altitude hf (launch altitude = 6 km, under
type I guidance law).
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Fig. 13 The final velocity vf and the navigation time tf in relation to
horizontal range xf and final altitude hf (launch altitude=6 km, under
type III guidance law).
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Fig. 12 The final velocity vf and the navigation time tf in relation to
horizontal range xf and final altitude hf (launch altitude = 6 km, under
type II guidance law).
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Fig. 14 The final velocity Vj- and the navigation time tf in relation to
horizontal range jcy and final altitude hf (launch altitude = 6 km, under
type IV guidance law).
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Fig. 15 The launch boundaries of the missile at 6-km altitude, under type I-IV guidance laws (against aircraft A).

Type II: Maximizing missile terminal velocity, gentle ascent
and descent.

Type III: Minimizing terminal time.
Type IV\ APNG (A representative of other advanced guid-

ance laws.)
Figure 9 shows the conceptual interception courses with

four guidance laws. Point A shows the initial launch point of
the missile, and point B shows the target point when the mis-
sile enters the lock-on range. In the study, the lock-on range is
assumed to be 5 km. Generally, the missile trajectories with
type I control take a higher altitude than the other types.

Simulation Results and Discussions
The velocities and the navigation times at which the missile

reaches the lock-on line are compared and evaluated.

Figure 10 shows an example of the typical trajectories and
the control histories of the missile navigated by types I-IV
guidance laws. The figure affirms the conceptual interception
courses shown in Fig. 9 and gives numerical ideas on trajec-
tories and angles of attack. Similar results are obtained for
various missile launch altitudes.

The Vf arid tf values vs horizontal range attained with types
I-IV guidance laws are shown in Figs. 11-14, respectively,
where the missile is launched at 6-km altitude. The type I guid-
ance law assures the largest vf for larger values of the horizon-
tal range, but the final time tf becomes quite long. The type II
guidance law produces a smaller ty at larger ranges than type I
but a larger value than types III and IV, where the tf is not in-
creased so much. Type III produces the minimum t f . Type IV
produces a comparable tf but a smaller vf compared with type
II.
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Fig. 16 The launch boundaries of the missile at 6-km altitude, under type I-IV guidance laws (against aircraft B).

From the results, we may say the following. When the target
is detected at a far distance and there is sufficient time until in-
terception, the type I guidance law should be employed as it
produces the maximum ty, and therefore has the highest g per-
formance in the homing phase. On the other hand, when the
target is detected at a near distance and small interception time
is favorable, type III should be employed. Between these two
situations, type II will be preferable as it allows the missile to
intercept within the acceptable time and still assures a larger vf
than types III and IV. For a near target, type II brings a larger
v.f than type I. In this case, type II naturally should be
employed instead of type I.

We now propose the guidance law that employs an alternate
strategy of types I-III at midcourse and APKG in the homing
phase. To illustrate the performance of this guidance law, the
missile launch boundaries are calculated by combining
Figs. 11-13 with Fig. 7. By assuming an aircraft type and a
lock-on altitude hf, we know the required velocity vr of the
missile at lock-on from Fig. 7. Interpolating this vr into
Figs. ll-14i we obtain the horizontal range xf and, again, by
using this xf in these figures, we obtain the navigation time t f .
As the aircraft is supposed to be closing with the velocity of
300 m/s, the approximate value of the horizontal range
boundary of the aircraft position is calculated as Xf+0.3fy + /y
(lock-oil range).

Figures 15 arid 16 show the launch boundaries of the missile
at the initial altitude of 6 km, against aircraft A and B, under
the proposed arid the type IV guidance law. The area under or
at the right side of boundaries shows the target position where
the missile is unable to destroy the target because of lack of
missile velocity even if the missile seeker can lock onto the
target. The launch boundaries are more restricted against air-
craft B than against aircraft A. But the proposed guidance law
considerably extends the region beyond that of type IV. In the
cases of Figs. 15 and 16, we choose type III when the target
horizontal range is less than 20 kni and type I when it is more
than 85 km. Between 20 arid 85 km, we choose type II. As the
difference between types II and III is small, for simplicity, we
may omit type II and employ type HI instead of the former.
Against an aircraft in the Uninterceptable region, we have to
wait until the target comes to the upper or left side of the
boundaries.

Conclusions
• The missile guidance law that ernploys the alternate strategy

of either maximizing the final velocity or miniriiizing the final
time (navigation time) in the midcourse phase, as well as

augmented proportional navigation guidance iri the homing
phase, is proposed.

As two types of local optimum solutions in maximizing mid-
course final velocity are found, the proposed guidance law
selects one of the three types of guidance laws (two for maxi-
mizing final velocity, one for minimizing navigation time), de-
pending on the situation.

The exariiple of the launch boundaries of the missile navi-
gated by the proposed guidance law is illustrated in compari-
son with the guidance law that employs augmented propor-
tional navigation guidance throughout the interception course
against conventional and advanced aircraft. The launch
boundaries are more restricted against advanced aircraft than
against conventional ones. But the proposed guidance law
considerably extends the region compared to that of the latter
guidance law.
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